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Abstract
We study the scalar and tensor integrals associated with the pentabox topology:
the class of two-loop box integrals with seven propagators - five in one loop and three
in the other. We focus on the case where the external legs are light-like and use
integration-by-parts identities to express the scalar integral in terms of two master
integrals and present an explicit analytic expression for the pentabox scalar integral as
a series expansion in  = (4 −D)/2. We also give an algorithm based on integration
by parts for relating the generic tensor integrals to the same two master integrals and
provide general formulae describing the master integrals in arbitrary dimension and





Scattering processes are one of the most important sources of information on short dis-
tance physics and have played a vital role in establishing the properties of the fundamental
interactions of nature. At the one-loop level, box integrals are a key ingredient in the
comparison of perturbative predictions with experimental data, such as wide-angle jet pro-
duction in hadron collisions or Bhabha scattering in electron-positron annihilation. Recent
improvements of experimental measurements demand even more precise theoretical predic-
tions and there is signicant interest in determining 2! 2 scattering rates at the two-loop
order. Achieving this goal requires the evaluation of two-loop graphs such as the planar
double-box graph [1, 2], the non-planar double-box graph [3] or some one-loop box integrals
with bubble insertions on one of the propagators [4].
In addition, we also need to study the particular type of planar box graph shown in
Fig. 1. Owing to the particular shape of this diagram, we name this topology pentabox. It
is the purpose of this paper to provide analytic expressions for the scalar pentabox with unit
powers of the propagators using dimensional regularisation for the light-like (or on-shell)






4 = 0, in terms of generalised polylogarithms. In addition, we use
integration-by-parts identities [5] to relate the most general scalar integral to simpler master
integrals, whose actual expression we compute. We also give algorithms for evaluating all the
associated tensor integrals. These are directly related to scalar integrals with higher powers
of the propagators in higher dimension. As with the scalar integral, the integration-by-parts
identities allow the tensor integrals to be obtained in terms of the master integrals.
Our paper is organised as follows. In Section 2 we establish the basic notation we will use
for two-loop integrals. Analytic expressions for the scalar pentabox integral, together with
algorithms for reducing the integral to master integrals, are given in Section 3, while the
tensor integrals are described in Section 4. Details of the master integrals and algorithms
relating them are given in Section 5. Explicit expansions in  = (4−D)/2 are computed in
terms of generalised polylogarithm functions. Useful relations amongst the polylogarithms
are collected in Appendix A. Finally, our ndings are summarized in Section 6.
2 Notation
We denote the generic two-loop integral in D dimensions with n propagators Ai raised
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Figure 1: The pentabox topology. The propagators are labelled according to Eq. (2.3)
and are each raised to the νi power.
where the external momentum scales are indicated by fQ2i g. When the numerator in Eq. (2.1)
is unity, JD (fνig; fQ2i g) [1]  JD (fνig; fQ2i g), we have the scalar integral that forms the ba-
sic underlying skeleton of the graph. The tensor integrals JD (fνig; fQ2i g) [kµ1 ; . . .], which
naturally arise in Feynman diagrams, are usually related to combinations of the scalar in-
tegral with dierent powers of propagators and/or dierent values of D [6]. Evaluation of
two-loop matrix elements for physical processes requires a knowledge of both tensor and
scalar integrals.
In this paper we focus on the specic two-loop box graph shown in Fig. 1, whose analytic
expression is


























A2 = (k1 + p1)
2 + i0,
A3 = (k1 + p1 + p2)
2 + i0,
A4 = (k1 + p1 + p2 + p3)
2 + i0, (2.3)





A7 = (k1 − k2)2 + i0.
With this momentum assignment we see that the loop momentum k1 circulates in ve of the
propagators while k2 circulates in only three. All of the external momenta are ingoing and
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4 = 0. The only momentum scales present in
the problem are therefore the usual Mandelstam variables s = (p1 + p2)
2 and t = (p2 + p3)
2,
together with u = −s− t.
3 The scalar pentabox integral
The generic scalar pentabox integral, JD (ν1, ν2, ν3, ν4, ν5, ν6, ν7; s, t), with arbitrary pow-
ers of propagators in D dimension is always reducible to a nite set of master integrals. In






































where JD = JD (ν1, ν2, ν3, ν4, ν5, ν6, ν7; s, t) and the symbols i
+ and i− are shorthand notation
for raising and lowering of powers of propagator i
iJD(. . . , νi, . . .) = J
D(. . . , νi  1, . . .). (3.4)
As usual, each raising operator is always accompanied by a factor of νi so that it is impossible
to raise the power of the propagator if it is not already present, i.e. νi 6= 0.
By repeated application of Eq. (3.2), we can reduce either of ν4 or ν5 to zero. Similarly,
by applying Eq. (3.3) we can lower (and eventually eliminate) the power of either ν1 or ν6.
This produces a pinched graph of the form
JD (ν1, ν2, ν3, ν4, 0, 0, ν7; s, t) = 0, (3.5)
JD (ν1, ν2, ν3, 0, ν5, 0, ν7; s, t) = A
D (ν1, ν2, ν3, ν5, ν7; s, t) , (3.6)
JD (0, ν2, ν3, ν4, 0, ν6, ν7; s, t) = B
D (ν2, ν3, ν4, ν6, ν7; s, t) , (3.7)
JD (0, ν2, ν3, 0, ν5, ν6, ν7; s, t) = C
D (ν2, ν3, ν5, ν6, ν7; s, t) , (3.8)
where, diagrammatically,



























AD, BD and CD constitute our set of master integrals. Due to the particular symmetry of
these diagrams, they satisfy some additional identities:
- The AD and BD master integrals are related by exchanging s and t according to
BD(ν2, ν3, ν4, ν6, ν7; s, t) = A
D(ν2, ν3, ν4, ν6, ν7; t, s), (3.9)
and AD has the additional symmetries
AD(ν3, ν2, ν1, ν5, ν7; s, t) = A
D(ν1, ν2, ν3, ν5, ν7; s, t),
AD(ν1, ν2, ν3, ν7, ν5; s, t) = A
D(ν1, ν2, ν3, ν5, ν7; s, t). (3.10)
- Similarly, the CD master integral has the properties
CD(ν6, ν5, ν3, ν2, ν7; t, s) = C
D(ν2, ν3, ν5, ν6, ν7; s, t),
CD(ν3, ν2, ν6, ν5, ν7; t, s) = C
D(ν2, ν3, ν5, ν6, ν7; s, t). (3.11)
Application: We consider here the specic case of the scalar integral with all the propa-
gators equal to one. Applying Eqs. (3.2) and (3.3) we obtain
JD (1, 1, 1, 1, 1, 1, 1; s, t) =
1
(D − 5)(D − 4)

[
2CD(1, 1, 1, 1, 3; s, t)− 2AD(1, 1, 1, 1, 3; s, t)− AD(1, 1, 1, 2, 2; s, t)




The explicit form for the master integrals with arbitrary powers of propagators and arbitrary
dimension are collected in Section 5. Making a series expansion in  = (4 − D)/2, we nd
that the general structure of the scalar integral can be written




(1 + )(1 + 2)












1) In the physical region s > 0, t < 0 we have

































+ 6ζ3 − 51ζ4
}





































The generalised polylogarithms (dened in Section A.1) that appear in Eq. (3.14), and
then in Eq. (3.13), have arguments (s + t)/t and (s + t)/s, which are always less than
unity in this region. The function (t, s) assumes values
(s, t) = −(t, s) = −1. (3.15)
The imaginary parts associated with the prefactor can be simply obtained by recalling
the +i0 prescription associated with the external kinematic scales
(−s)−2 ! jsj−2 exp (2pii) , (3.16)
(−t)−2 ! jtj−2. (3.17)
2) In the other physical region s < 0, t < 0, we use the analytic continuation formulae
of Section A.2, and we nd












































































































































Notice that, in this region, the scalar pentabox integral of Eq. (3.13) has no imaginary
part, as expected.
4 The generic tensor integrals
In this section, we want to deal with the generic tensor integral, JD (fνig; fQ2i g) [kµ1 ; . . .],
using the pentabox just as an example of how to reduce the tensor integral to a set of scalar
master integrals.
A method to reduce tensor integrals constructing dierential operators that change the
powers of the propagators as well as the dimension of the integral was presented in Ref. [6].
However, it is in our view simpler to obtain the tensor integrals directly from the Schwinger
parameterised form of the integral. In fact, in its most general form, the integrand can be
rewritten as
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xiAi = a k
2
1 + b k
2
2 + 2 c k1  k2 + 2 d  k1 + 2 e  k2 + f, (4.3)
where a, b, c, dµ, eµ and f are directly readable from the actual graph: a(b) =
∑
xi, where
the sum runs over the legs in the k1 (k2) loop, and c =
∑
xi with the sum running over the
legs common to both loops. Specically, in the pentabox graph we have
a = x1 + x2 + x3 + x4 + x7
b = x5 + x6 + x7
c = −x7
dµ = x2 p
µ
1 + x3 p
µ
12 + x4 p
µ
123




f = x3 s, (4.4)
where p12 = p1 + p2 and p123 = p1 + p2 + p3. In all cases, the a, b, c, d
µ, eµ and f are linear
in the xi.
With the change of variables
kµ1 ! Kµ1 −
cKµ2
a
+ X µ, (4.5)
kµ2 ! Kµ2 + Yµ, (4.6)
where







P = ab− c2, (4.8)












Q = −a e2 − b d2 + 2 c e  d + f P. (4.10)
































the integrand I being given by

















































































Dx X µ I. (4.17)
Recalling the denition (4.7), we see that X µ consists of the ratio of a set of bilinears in xi
divided by P. We can therefore absorb the factors of xi into Dx (see Eq. (4.2)) by increasing
the power to which the i-th propagator is raised
(−1)νixνi−1i
Γ(νi)











so that 1/P acts as a dimension increaser
1
P =) d











In this way, each xi in the numerator increases by one the power of the associated propagator,
and each power of P in the denominator (numerator) increases (decreases) the space-time

















where the summation runs over the elements of (ceµ − bdµ) which x the values of i, j and
pk.
For the case of the pentabox where a, . . . , f are given in Eq. (4.4), we have from Eq. (4.7)
X µ = −x7x5 p
µ
123 − (x5 + x6 + x7) (x2 pµ1 + x3 pµ12 + x4 pµ123)
P (4.23)

















where we have used the shorthand notation JD = JD (fνig; fQ2i g).
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By applying the integration-by-parts identities (3.2) and (3.3) we can now write this
tensor integral directly in terms of the set of master integrals.
For generic four-point integrals, we need tensor integrals with up to four free indices,
each associated with a Lorentz index of an external leg. Integrals with higher powers of the
loop momenta are of course possible, but must yield dot products with other momenta when
the available free Lorentz indices are saturated. In many cases, these dot products can be
immediately expressed in terms of the propagators and canceled through (see Eq. (4.38)).
Nevertheless, the procedure previously described can be iterated ad libitum and we can
express every tensor integrals in terms of scalar ones with increased powers of the propagators
and dimension D. For example, we have
JD[kµ2 ] =
∫










































X µX νX ρ − b
2P fg


























X µYνYρ − a
2P g




























X µX νX ρX σ + b
2
4P2fg
µνgρσ + gµρgνσ + gµσgνρg
− b
2Pfg
µνX ρX σ + gµρX νX σ + gµσX νX ρ + gνρX µX σ













X µX νX ρYσ − b
2Pfg





















X µX νYρYσ − a
2P g


























X µYνYρYσ − a
2Pfg




µνYρYσ + gµρYνYσ + gµσYνYρg
− ac
4P2fg
















µνgρσ + gµρgνσ + gµσgνρg
− a
2Pfg
µνYρYσ + gµρYνYσ + gµσYνYρ + gνρYµYσ
+ gνσYµYρ + gρσYµYνg
)
I. (4.37)
At this point, the actual expressions of X and Y should be used and the powers of xi
and P are exchanged for scalar integrals with higher νi and higher D.
Of course, rewriting the tensor integrals in this way is only useful if the relevant scalar
integrals in higher D and with arbitrary powers of the propagators are known. For the
pentabox, this is the case since repeated application of the integration-by-parts identi-
ties (3.2) and (3.3) can always be used to reduce the integrals to one of the master integrals
of Eqs. (3.6){(3.8), for which general results are given in the next section.
However, there is one further simplication of note. When in the numerator we have a
dot product that can be rewritten in terms of the dierence of propagators, it is easiest to
directly cancel o one of the propagator powers. For example, if we have to deal with k1 p1,
it is more ecient to make the replacement
2 k1  p1 = (k1 + p1)2 − k21 = A2 − A1  2− − 1−. (4.38)
The integration-by-parts identities (3.2) and (3.3) can still be used to further reduce the
powers of ν1, ν4, ν5 and ν6.










Figure 2: One-loop self-energy insertion into a one-loop triangle. The propagators
are labelled according to Eq. (2.3) and are each raised to the νi power.
immediately obtain self-energy insertions to one-loop triangle graphs of the type shown in
Fig. 2. These can be written directly in terms of Γ functions





ν5 + ν7 − D
2
, ν1, ν3; s
)
, (4.39)




















where the self-energy factor is given by
D(ν1, ν2) = (−1)D2
Γ
(














Γ (ν1) Γ (ν2) Γ (D − ν1 − ν2) , (4.42)
and the one-loop triangle integral with arbitrary powers and with one external mass scale
Q2 is given by (see for example [7])
ID3
(
























Γ (ν2) Γ (ν3) Γ (D − ν123) , (4.43)
where we have introduced the shorthand νij = νi + νj, νijk = νi + νj + νk, etc.
5 The master integrals
In this section, we collect the explicit expressions in terms of hypergeometric functions









Figure 3: The master topology A. The propagators are labelled according to Eq. (2.3)
and are each raised to the νi power.
general dimension D. We also show how to relate these to simpler pinched integrals and we
compute explicitly the master integrals that we need to evaluate all the tensor integrals in a
closed analytical form and as an expansion in  (D = 4− 2).
5.1 Topology A
The master integral AD (ν1, ν2, ν3, ν5, ν7; s, t) is shown in Fig. 3 and, with respect to the
propagator factors of Eq. (2.3), is dened as


















This integral is related by a factor to the ordinary one-loop box integral










where D(ν5, ν7) is given in Eq. (4.42) and













Expressions for the one-loop box integral with general powers of the propagators are easily
obtained [4, 7, 8]. In the kinematic region jtj < jsj we nd [4]




























ν2, ν4, ν1234 − D
2
, 1 + ν234 − D
2
















































































Expressions for ID4 valid for jsj < jtj can be obtained by the exchanges ν1 $ ν2, ν3 $ ν4 and
s $ t in Eq. (5.4).
Although these integrals appear with a variety of integer values for ν1, ν2 and ν3 in
dimensions higher than D = 4 − 2, we can systematically relate them to simpler integrals
by the integration-by-parts identities. In fact, we can derive
s ν11
+d+ID4 = − (D + 2− ν1234) d+ID4 + 3−ID4 , (5.5)
t ν22
+d+ID4 = − (D + 2− ν1234) d+ID4 + 4−ID4 , (5.6)
s ν33
+d+ID4 = − (D + 2− ν1234) d+ID4 + 1−ID4 , (5.7)
where we have used the shorthand notation ID4 = I
D
4 (ν1, ν2, ν3, ν4; s, t).
Repeated application of these identities reduces ν1, ν2 and ν3 to unity together with
integrals where one of the propagators is pinched out, yielding a one-loop triangle (see
Eq. (4.43))
ID4 (ν1, ν2, 0, ν4; s, t) = I
D
3 (ν1, ν2, ν4; t), (5.8)
ID4 (0, ν2, ν3, ν4; s, t) = I
D
3 (ν3, ν2, ν4; t). (5.9)
Subsequent application of
t ν44
+d+ID4 = − (D + 2− ν1234) d+ID4 + 2−ID4 (5.10)
can be used to control the power of ν4 and form the pinched triangle integral
ID4 (ν1, 0, ν3, ν4; s, t) = I
D
3 (ν4, ν1, ν3; s). (5.11)
The only remaining one-loop box graphs have ν1 = ν2 = ν3 = 1 and both ν4 and D arbitrary
and may written in terms of Gaussian hypergeometric functions as [4]






























































Using Eq. (5.10) we can select a particular value of ν4, for example, ν4 = . The hyperge-
ometric functions have one-dimensional integral representations and in D = 4 − 2 can be
expanded around  = 0 in terms of generalised polylogarithms. The necessary integrals are
easily written
2F1 (1, 1, 1− , x) = (1− x)−1−
{
1 + Li2 (x) 
2 + [ Li3 (x)− S1, 2 (x)] 3





2F1 (1, , 1− , x) = (1− x)−2
{
1 + log(1− x) +
[























The corresponding hypergeometric functions in higher dimensions or for dierent values of
ν4 can be obtained using Gauss’s relations between contiguous hypergeometric functions
2F1 (1, b + 1, c, x) =
(c− 1)
b (1− x) −
(c− b− 1)
b (1− x) 2F1 (1, b, c, x) , (5.15)




(c− b)x 2F1 (1, b, c, x) , (5.16)
which provide expansions in  for D = 6 − 2, D = 8 − 2, or higher. Note that the
integration-by-parts relation of Eq. (5.10) and Eq. (5.15) both perform the reduction of
powers of ν4.
5.2 Topology C
The diagonal-box master integral is shown in Fig. 4 and with respect to the propagator
factors of Eq. (2.3) is dened as




























Figure 4: The master topology C. The propagators are labelled according to Eq. (2.3)
and are each raised to the νi power.
For this graph, it is easy to read o the values of Q and P of Eqs. (4.8) and (4.10)
Q = x3x6x7 s + x2x5x7 t, (5.18)
P = x7(x2 + x3 + x5 + x6) + (x2 + x3)(x5 + x6). (5.19)
The integral can be written as a single Mellin-Barnes integral (see for example Refs. [2, 3])
CD (ν2, ν3, ν5, ν6, ν7; s, t) =
(−1)D sD−ν23567





























Γ (−α) Γ (D + ν2 − ν23567 − α)






where the path of integration over α must be chosen so that to separate the poles coming
from Γ (. . .− α) from those coming from Γ (. . . + α). In the kinematic region jtj < jsj the
contour at the innity must be closed to the right, and the expression we obtain is



























Γ (ν23567 −D) Γ (D − ν2367) Γ (D − ν3567)
Γ (ν2) Γ (ν5) Γ (D − ν567) Γ (D − ν237)
 3F2
(




Γ (ν2 − ν5) Γ (D − ν267) Γ (ν2367 −D)













Γ (ν5 − ν2) Γ (D − ν357) Γ (ν3567 −D)













The solution valid when jsj < jtj can be obtained from Eq. (5.21) by the exchanges
s $ t, ν2 $ ν3, ν5 $ ν6. (5.22)
The expression for the diagonal box (5.21) has an apparent singularity when ν2 − ν5 is an
integer which cancels in the actual evaluation of the diagram.
In addition, although in principle we need to know this integral for arbitrary powers and
arbitrary dimension, further simplications occur. Integration by parts yields the following
relations (CD = CD (ν2, ν3, ν5, ν6, ν7; s, t))






CD = (D − 2− 2ν7) ν77+CD, (5.23)






CD = (D − 2− 2ν7) ν77+CD, (5.24)
so that we can reduce either ν2 or ν3 to unity at the expense of increasing the other, together
with ν7. Similarly, we can reduce either of ν5 or ν6 to unity. For example, if we choose to
reduce both ν3 and ν5 to unity, the remaining integrals have ν2, ν6 and ν7 greater than one.


























































+d+CD = 3−CD − (3D + 2− 2ν23567) (D − ν567)
D − 2ν56 ν77
+ d+CD. (5.27)
We can derive three other identities similar to the previous one, using the symmetry of the
diagram. For our purposes, only one is useful
t ν22
+ν77
+ d+CD = 5−CD − (3D + 2− 2ν23567) (D − ν237)
D − 2ν23 ν77
+ d+CD, (5.28)
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which, together with Eq. (5.27), can be used to reduce ν2 and ν6 and to introduce the simpler
pinched integrals
CD(ν2, 0, ν5, ν6, ν7; s, t) = 









CD(ν2, ν3, 0, ν6, ν7; s, t) = 









where the self-energy factor D is dened in Eq. (4.42) and the one-loop triangle ID3 is given
by Eq. (4.43).
Finally, we also have the relation
ν7 (ν7 + 1) 7
++d+CD =
(D − 2ν23) (D − 2ν56)
(D − 2− 2ν7) (3D − 2ν23567) C
D, (5.30)
which we can use to exchange higher dimension integrals for lower dimension integrals with
fewer powers of diagonal propagators.
To summarize, we actually only need to know CD(1, 1, 1, 1, ν7; s, t) rather than the more
general case. With the propagator powers equal to unity, all of the 3F2 functions of Eq. (5.21)
reduce to 2F1. To deal with the pole in (ν2−ν5) we proceed as in Ref. [7]: we set ν2 = ν5+δ,
and, after performing an appropriate analytical continuation, we take the limit δ!0. The
nal expression is given by
































We can make a series expansion in  with ν7 = 2 using Eq. (5.13) with the replacement
! 2. Once again, expansions for other values of ν7 and higher dimension can be obtained
using Eq. (5.16) together with
2F1 (1, b, c− 1, x) = 1
(1− x) −
(c− b− 1)x
(c− 1)(1− x) 2F1 (1, b, c, x) . (5.32)
As in the previous section, this relation is completely equivalent to the integration-by-parts
identity (5.30) which reduces D at the expense of increasing ν7.
6 Conclusions
Finally we summarize what we have accomplished in this paper. The pentabox with light-
like external legs is one of the two-loop box graphs needed for the evaluation of Feynman
18
diagrams for physical 2 ! 2 scattering processes, the others being the recently evaluated
planar double-box graph [1, 2] and non-planar double-box graph [3] as well as one-loop
box integrals with bubble insertions on one of the propagators [4]. Using integration by
parts identities, we have derived explicit analytic expressions for the scalar pentabox graph
JD (ν1, ν2, ν3, ν4, ν5, ν6, ν7; s, t) in terms of two (simpler) master box integrals (A and C) and
given an explicit expansion in  in terms of polylogarithm functions (see Eq. (3.13)).
In Section 4 we demonstrated how generic two-loop integrals could be expressed directly
in terms of integrals in higher dimension with shifted propagator powers. Similar results
have been given by Tarasov [6] using dierential operators; however we believe our method
based on completing the square and Gaussian integration, to be more direct and simpler to
apply.
In the case of the pentabox, the tensor integrals can also be written in terms of the
same master integrals as the scalar pentabox, but with dierent powers of propagators and
in higher dimension. We give quite general analytic formulae for the master integrals with
arbitrary dimension and propagators. For the A topology we quote the results of [4] while
for the C topology we employ the Mellin-Barnes integral representation. Other methods
would also suce. In fact, it is not necessary to know the master integrals in their full
generality since further integration-by-parts identities relate the various integrals. Explicit
expressions for topology A and C are given in Eqs. (5.12) and (5.31) respectively, together
with instructions on how to apply them to more general integrals.
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A Polylogarithms
The purpose of this appendix is to dene the generalised polylogarithms that occur in the
expansion in  of the pentabox scalar and tensor loop integrals and to give useful identities
amongst the polylogarithms. In Section A.1 we give the denitions of the polylogarithm
functions Sn, p (x). These functions are real when x  1 but they develop an imaginary part
for x > 1. Analytic continuation formulae are given in Section A.2. Finally, useful identities
between polylogarithms are listed in Section A.3.
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A.1 Definition
The generalised polylogarithms of Nielsen are dened by








, n, p  1, x  1. (A.1)
For p = 1 we nd the usual polylogarithms
Sn−1, 1 (x)  Lin(x). (A.2)
The Sn, p’s with argument x, 1− x and 1/x can be related to each other via [9]





















































+ (−1)p (1− (−1)n) Sn, p (−1) . (A.5)






b! (a− b)! . (A.6)
















A.2 Analytic continuation formulae
For x > 1, the following analytic continuations should be used










+ ipi log(x) (A.9)






















































































































































































For the expansions of hypergeometric functions given in this paper, the argument of the







= −Li2 (x)− 1
2






= −Li3 (x) + S1, 2 (x) + log (1− x) Li2 (x) + 1
6










log2 (1− x) Li2 (x)− 1
24






= S1, 2 (x)− 1
6






= − S1, 3 (x)− 1
24






= S2, 2 (x)− 2 S1, 3 (x)− log (1− x) S1, 2 (x) + 1
24
log4 (1− x) . (A.20)
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